
UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGNDepartment of Ele
tri
al and Computer EngineeringECE 418 Image Pro
essingProblem Set 2Spring 2008Issued: Thursday, January 24, 2008 Due: Thursday, January 31, 2007Problem 2.1Suppose that you need to sample a 10
m�10
m image using at most 10,000 samples, thus,on average, you should have no more than one sample per square millimeter. Other than this
onstraint, you are free to 
hoose whatever sampling basis V = [~v1; ~v2℄ gives the least-aliasedimage.(a) Prove that the average area per image sample is given by the determinant of V . Hint: observethat the sampling area is a parallelogram whose sides are ~v1 = [v11; v21℄T and ~v2 = [v12; v22℄T .(b) Your goal is to �nd a basis V = [~v1; ~v2℄ su
h that jdet(V )j = 1mm�2 (one sample per squaremillimeter). One way to a
hieve this goal is by 
onstraining the elements of V as follows:v11 = r 
os � (1)v21 = r sin � (2)v12 = r 
os� (3)v22 = r sin� (4)where the units of r are mm�1. Find r, as a fun
tion of � and �, in order to guarantee thatjdet(V )j = 1mm�2.(
) The 
ontinuous-spa
e image, fa(x; y), is sampled as follows to produ
e a dis
rete-spa
e imagefd[m;n℄: fd[m;n℄ = fa (x = mr 
os � + nr 
os�; y = mr sin � + nr sin�) (5)Find Fd(!1; !2) in terms of Fa(
1;
2).(d) Sket
h the \Nyquist diamond:" the region, in the (
1;
2) plane, in whi
h it is possiblefor Fa(
1;
2) to have energy without being aliased when it is sampled a

ording to Eq. 5.Spe
ify the equations of the four bounding lines, or of their 
1 and 
2 axis inter
epts. Spe
ifythese equations in terms of either fv11; v21; v12; v22g or fr; �; �g.(e) Suppose that fa(x; y) is an image with the following Fourier transform:Fa(
1;
2) = 2�2Æ(
1;
2) + �22 �Æ �
1 � 2�� ;
2�+ Æ �
1 + 2�� ;
2��+�22 �Æ �
1;
2 � 2�� �+ Æ �
1;
2 + 2�� �� (6)



Problem Set 2 2Find fa(x; y). Sket
h the image, or des
ribe it in words (assume that fa(x; y) = 1 
orrespondsto a bright spot, and fa(x; y) = 0 
orresponds to a dark spot).(f) Suppose that you have a 
ontinuous-spa
e image whose Fourier transform is given in Eq. e,and you wish to sample it using at most one sample per square millimeter. What is thesmallest allowable wavelength, �, that 
an be sampled with one sample per square millimeterwith no aliasing?


