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Abstract

We consider the k-median clustering with outliers problem: Given a finite point set in a
metric space and parameters k and m, we want to remove m points (called outliers), such that
the cost of the optimal k-median clustering of the remaining points is minimized. We present
the first polynomial time constant factor approximation algorithm for this problem.

1 Introduction

Clustering is the process of classifying a set of objects into groups such that objects in each group
are similar. One widely studied variant of clustering is the k-median problem. Here we are given a
set of points (in a metric space), and we wish to choose at most k points as medians (or facilities),
so as to minimize the total distance of connecting each point to its closest median.

We consider the k-median with outliers problem (MO for short): Given parameters k and m, we
wish to remove a set of at most m points (called outliers) from the data set, such that the cost of
the optimal k-median clustering of the remaining data is minimized. The problem was considered
by Charikar et al. [CKMNOI], and they presented a bi-criteria approximation algorithm for this
problem. In particular, their algorithm computes a solution with at most (1 + A\)m outliers that
costs at most 4(1 + 1/A\)OPT, where OPT is the cost of the optimal solution and A > 0 is an
arbitrary parameter specified in advance.

This problem arises naturally in situations where noise and errors contained in the data may
exert a strong influence over the optimal clustering cost. By removing outliers, one can dramatically
reduce the clustering cost and improve the quality of the clustering. In some circumstances, the
discovered outliers do not fit the rest of the data, and they are worthy of further investigation. In
particular, once identified, they can be used to discover anomalies in the data [RRPS04].

Besides the practical considerations mentioned above, the problem is theoretically interesting.
Since the first constant factor approximation algorithm for the k-median problem in metric spaces
[CGTS02], there have been numerous developments on this problem and its variants. However,
it remains elusive how to design constant factor approximation algorithms for k-median variants
that have more than one global constraint. (Indeed, sometimes adding one more global constraint
to an optimization problem makes it considerably harder than the original problem. For example,
computing the minimum spanning tree is easy, while finding efficient approximation algorithms
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for k-MST took decades, and the status of bounded degree MST problem has yet to be com-
pletely settled [Goe06, [SLO7].) In particular, as a notable example of such problems, the k-median
with outliers problem (MO) has two global constraints imposed by k& and m. The MO problem
has received considerable interest recently, and coming up with a constant-factor approximation

algorithm is a well known open problem, see the discussions in [JVOI, [CKMNOT, [Khu05].

Related work. We focus on the most related work here, for further information see [CR05] and
references therein. The k-median problem is shown to be NP-hard by a reduction from dominating
set [LV92]. The first constant factor approximation algorithm for the k-median problem is based on
filtering and LP-rounding ideas [CGTS02]. Jain and Vazirani [JV0I] gave an algorithm based on
primal-dual schema and Lagrange-relaxation technique. The current best approximation guarantee
for this problem is (3 4 ¢), and it is based on local search [AGKT04].

The facility location with outliers problem (FLO for short) is the Lagrangian relaxation of the
k-median with outliers problem (MO). Several algorithms [CKMNOIl IMM*03, Mah04] were de-
veloped for FLO. Other variants on clustering with outliers include the work of Aboud and Rabani
[AROG], which provides an approximation algorithm for a variant of correlation clustering with
outliers.

The (uniform) capacitated k-median problem is a k-median variant which have two global
constraints. Here we are allowed to open k medians but there is an upper bound on the number of
data points each median can serve. There are several bi-criteria approximation algorithms for this
problem [CGTS02, BCROT [CRO5].

Local search is a popular technique for solving combinatorial optimization problems in practice.
Despite their conceptual simplicity, local search algorithms tend to be hard to analyse. It is

successfully applied in various facility location problems [KPRO0, [CG99, [AGKT 04 [ST06] and to

the k-median problem ﬂmﬂ For some other approximation algorithms that use local search,

see [AHOS, [KROO, KBP03].

Our contribution. We present the first efficient constant factor approximation algorithm for
the k-median with outliers problem (MO). Our algorithm is built upon the Lagrangian relaxation
framework outlined in [JVOI]. It first computes two solutions C_ and Cy for the facility location
with outliers problem (FLO), which is the Lagrangian relaxation of MO. Here, C_ has at most k
centers and Cy has at least k + 1 centers.

In Section B, we combine C_ and C; into the required approximate solution, when C, uses at
least k+ 2 facilities. The challenge is to merge a solution with few centers (C_) which might be too
expensive and a solution (Cy) that has too many facilities but is relatively cheap. To confound the
difficulty in this “merging” stage, the outliers in these two solutions are not necessarily the same. To
perform this “merge”, we employ a different greedy algorithm, rather than using the augmentation
approaches used in previous approximation algorithms for the k-median problem [JVO0Il [CG99].

We use successive local search, in Section B2 to obtain a constant factor approximation algo-
rithm for MO when C; uses k + 1 facilities. In this case, the cost of C_ cannot be bounded directly
by the cost of the optimal solution, and as a result, combining C_ and C into a single solution (as
done in previous works [JVOI), [CG99] and in Section ] is no longer viable. To circumvent this
difficulty, we use a local search algorithm for the penalty k-median with outliers problem (PMO for
short) as a subroutine, with gradually increased penalty parameters. Instead of directly bounding
the cost of a locally optimal solution for PMO, we bound the number of points that receive penalty
in the solution.

The use of successive local search, in Section B.2] is new and we consider the introduction of
this technique and its analysis to be the main technical contribution of this paper. Interestingly,



neither PMO nor MO can be solved by applying the standard local search methods directly (see
Appendix [A]). Thus, the new technique seems to be required if one wants to use local search
paradigm to solve this problem. Those structural difficulties might explain the challenge in solving
this problem, and the complexity of the analysis of our algorithm.

The rest of the paper is organized as follows. In Section Bl we present the algorithm. In
Section @ we provide the intuition why the algorithm works, and prove some key properties. In
Section [, we prove the correctness of the algorithm for the case |C;| > k + 2. In Section 6 we
prove the correctness for the case |[C_| = k + 1. We conclude in Section [1

2 Preliminaries

We slightly abuse notations and refer to multisets as sets. Given a set X, the notation |X| refers
to the total size of X (i.e., an element with weight w in X contributes w to | X|).

We are given a metric space with a distance function d(-,-) defined over it. We make the
standard assumption that we can compute d(p, q), for any p and ¢, in constant time. A point may
be selected to be a facility, which serves the points that are connected to it. The cost of assigning
(or, connecting) a set of points V' to a facility ¢ is v(q, V) = ZpEV d(g,p). The cost of assigning a

set V to a set C of facilities is v(C, V) = 3 .y, d(C, p), where d(C,p) = min 4ecd(g, p).

Given a set V of n points and a set C' of facilities, let N,,_,,(C, V') be the set of n — m points
in V nearest to C. Let

An(C,V) = v(C, Ny (C, V)

be the cost of connecting V' to C' while excluding the most “expensive” m points from consideration
(those m excluded points are the outliers).

Definition 2.1 (k-median with m outliers.) Let MO(k,V,m) be an instance of the k-median
with m outliers problem, consisting of an integer £ > 1, a set V of n points, and m > 0. The
objective of MO(k, V,m) is to compute a set C' C V of k points minimizing the cost A,,(C, V). Let
opt,,(k, V,m) denote the cost of the optimal solution.

In the remainder of the paper, we consider the problem instance MO(k, P, m), where P is a given
set of n points. For technical reasons, we assume that the distances between all pairs of points in
P are distinct, and the spread of P is polynomially bounded, in particular, daz/dmin = O(n?),
where dyq. and d,,;, are the maximal and minimal inter-point distances in P, respectively. One
can slightly perturb the distance function d so that it fulfills those requirements. See Appendix
for details.

2.1 The Lagrangian approach

The following is a Lagrangian relaxation of the k-median with m outliers problem (MO).

Definition 2.2 (Facility location with m outliers.) Let FLO(z, V,m) be an instance of facility
location with m outliers, consisting of a parameter z > 0, a set V' of points, and an integer m > 0.
The objective of FLO(z,V,m) is to compute a set C' C V minimizing the cost A,,(C,V) + z|C]|.
Let optﬂo(z, V,m) denote the cost of the optimal solution.

Theorem 2.3 ([CKMNO01, Mah04]) Given a set V of points and z > 0, one can compute a
facility set C C'V such that Ap (C,V) + 32(|C| — 1) < 3opt, (2, V,m).
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Let FLOALG denote the algorithm provided for FLO by Charikar et al. [CKMNOI]. (In fact, the
constant approximation factors provided by the algorithm of Mahdian are slightly better,
but this does not affect our results substantially.)

Consider FLO(z, P, m). When z = 0, the algo- V- =k—k_ vy =k —k
rithm FLOALG opens all the facilities, and when ¢ . .
z = ndmaz, it opens only a single facility. We per- ;. _ IC_| k ke =|C.|

form a binary search on the interval [0, nd,,q.] to
find z_ and zy such that the algorithm opens k_ < k and ki > k + 1 facilities for FLO(z_,P,m)
and FLO(z, P, m), respectively, and moreover, |z_ — 2, | < dynin/n? (this can be done in O(logn)
steps, since the spread of P is polynomially bounded). Let C_ and C; be the facility sets computed
by the algorithm for z_ and =z, respectively. Here |C_| = k_ and |Cy| = k.

Let - =k —k_ and 74 = ky — k. We have v~ > 0 and v+ > 1, since k_ < k and ky > k + 1.
Also, we have y_ + v = ky — k_.

2.2 A modified point set P"

Let My = N,,_,(C4+,P) be the set of the n —m points in P closest to C.

Definition 2.4 (The weight function w.) A point p is heavy if p € C. Its weight, denoted by
w(p), is the number of points in M served by p. Given two heavy points p and ¢, if w(p) > w(q)
then p is heavier than q. A point p is light if p € P\ M (that is, p is one of the m outliers in the

solution induced by C;). A light point has weight one. The points in M, \ C4 have weight zero,
and they are neither heavy nor light.

For a set @ C P of points, let w(Q) =>_ o w(p).

P P2 s P4
Definition 2.5 (The multiset P".) Given a point set @ C % . o P7 \
P, the notation Q" refers to a multiset where each point N / . N
p € @ occurs w(p) times (note that p ¢ QW if w(p) = 0). Y. s De ®ps3

We will abuse our notation slightly, and for a given point
q € C,, denote by ¢" the set {¢}", which is a multiset Figure 1: P = {p1,. o7}, m =2,
where ¢ appears w(q) times. and Ci = {p4,ps}. We have w(ps) =
In particular, the multiset P consists of all the heavy 2,w(ps) = 3,w(ps) = w(pr) = 1, and
points and the m light points, where the weight of each w(p1) = w(p2) = w(ps) = 0. There-
heavy point ¢ is w(q) and the weight of each light point is fore, P¥ = {P4, P4, 05,5, D5, D65 P7}-
one. Observe that the size of P¥ is |P¥| = w(P) = n, and The points ps and p5 are heavy, and
the number of distinct points in PY is k. + m. pe and pr are light.

Note that P" is the set Cy U (P\ M) with appropriate weights associated with the points. The
multiset P¥ can be thought of as a coreset of P, which is roughly a coarse representation of the
original set P. (The interested reader is referred to [HMO04] for definition.)

Definition 2.6 (Include, exclude, and partly-include.) Given a heavy point p and a set Q) C
PY if p occurs w(p) times in @ then it includes p, if p does not appear in @ then it ezcludes p, and
otherwise, it partly-includes p.

Definition 2.7 (The set X.) Let X’ be the set of n —m points in P“ closest to C_. Since all
distances (between distinct points) in PW are distinct, there might be (only) one heavy point, say



g, which is partly-included in X’. In this case, we remove all copies of ¢ from X’ and let X be the
resulting set, otherwise, set X = X'.

For a set B C P", let hy,(B) denote the number of distinct heavy points in B, and [ (B) denote
the number of light points in B (note that each light point appears exactly once in P%, and as such
the light points are distinct).

Definition 2.8 (Mass, cost, and benefit.) If [,(X) = 0 then let £ = 0. Otherwise, let

=t ®

For a point p € X, let cost(p) = v(C_,p). The mass of p, denoted by mass(p), is & if p is light,
and 1/w(p) otherwise. For a set B C X of points, let mass(B) = }_ . pmass(p) and cost(B) =
> pep cost(p), and the benefit of B is ben(B) = mass(B) — 1.

2.3 The local search method

We shall reduce MO to the penalty k-median with m outliers problem (PMO), which is defined
below, and apply the local search method to PMO.

In the PMO problem, we are allowed to exclude more than m outliers, but every such additional
outlier incurs a penalty. Equivalently, given a set V' of n points, a set C of facilities, and a penalty
parameter o > 0, let

An(CVi0)= > min(d(C,p),0)

pGanm(C,V)

denote the cost of PMO clustering V' with m outliers and penalty o, where N,,_,,,(C, V') is the set of
n—m points in V closest to C'. Namely, we assign N,,_,,,(C, V') to C. Every point p € N,,_,,,(C, V)
pays a connection cost, which is the distance d(C,p) capped by the penalty o.

Definition 2.9 (Penalty k-median with m outliers.) Let PMO(k, V, o, m) denote an instance
of penalty k-median with m outliers, consisting of an integer k > 1, a set V' of points, a penalty
parameter o > 0, and m > 0. The objective is to compute a set C C V of k facilities minimizing
the cost A, (C,V, 0). Let optpmo(k, V, 0,m) denote the cost of the optimal solution.

Observe that the problem PMO(k,V, o,m) is a relaxation of MO(k,V,m). In particular, for
0 = 0o, we have A,,(C,V, o) = A, (C, V).

Definition 2.10 (Neighbor facility sets.) Given a set C C P¥ of k facilities, let
NC)={C}U{C-¢ +q"|qd €C,q cP"\C}
denote the neighbor facility sets of C, where C' — ¢ + ¢" =(C\ {¢'}) U{¢"}.

Definition 2.11 (The sets H and H.) Recall that there are |C;| = ky > k + 1 heavy points in
PY. Let H consists of the k£ heaviest among them, and

H={C|C CPY C contains at least k£ — 1 heavy points, and |C|= k}.



N,—m(C,V) The set of n —m points in V closest to C.

v(C,V) Cost of connecting the points in V' to their nearest facilities in C.
An(C,V) v(C, M), where M consists of the n —m points in V' closest to C.
MO(k, V,m) An instance of k-median with m outliers,

with objective to compute C' C V' minimizing A, (C, V).
A (C, V) 0) Cost of connecting M to C, where M consists of the n — m points in

V closest to C, and each point p € M pays a cost of min(p,d(C,p)).

PMO(k,V, 0,m) An instance of penalty k-median with m outliers,
with objective to compute C' C V' minimizing A,,(C,V, o).

Optmo(k7 V,m) the cost of the optimal solution to MO(k, V, m).

OPtymo (ks Vi 0,m) | the cost of the optimal solution to PMO(k, V, o, m).

opt opt,,(k, P,m), the cost of the optimal solution to MO(k, P, m).
opt” opt,,,(k, PY,m), the cost of the optimal solution to MO(k, P, m).

Figure 2: Notations.

3 The algorithm

The input is the set P and parameters & and m. The algorithm uses binary search over the range
[0, ndmaz] to find z_ and z, such that |z2_ — 2, | < dpnin/n?, and the sets C_ = FLOALG(z_,P,m)
and C; = FLOALG(z4, P, m) satisfy |C_| < k and |C4| > k + 1. (Here, FLOALG is used to make
the decision in the binary search.) See Section 2] for details. Next, it computes a multiset P
by collapsing the clusters (of P) induced by C; into their respective facilities, see Section
The algorithm checks if vy = ky — k > 2, and if so, it uses GREEDYMERGE, described below
in Section Bl to compute the desired solution C. Otherwise, v+ = 1, and the algorithm uses
SuccEsSIVELS, described in Section

3.1 The algorithm GreedyMerge for the case v, > 2
We shall compute a set C C C_ U C; such that |C| = k and it is the required solution.

Suppose that C_ = {f1,..., fr_}, and let X; be the set of points of X that are nearest to
fi, for i = 1,...,k_. Assume, without loss of generality, that ben(X;),...,ben(X,) > 0 and

ben(Xa41),. .., ben(f)Ck_) <0, for some 1 < a < k_, and furthermore,
cost(Xp) - < cost(xa).
ben(X;) = = ben(X,)

Let k' be the index satisfying Zf/:_ll ben(X;) < 4 < Zflzl ben(X;), where k' < o. Construct a
set C of k facilities as follows.

(i) Let Y = {X1,Xo,...,Xp_1,Y%}. The set Y is generated greedily from X by repeatedly
picking the point p in X}, (that has not been added yet) with the smallest cost(p) /mass(p)
value. Here, if p is heavy, we add in all its copies. We repeat this till

BEN(Y) = > ben(B) € [y4,74 +1) (2)
BeY

for the first time.



Algorithm SUCCESSIVELS (k, PY,m)

10
00 < dmin/10
By —H Algorithm LOCALSEARCH(B, PY, o)
Ay “ 2(30, PY, 00,m). while 3B’ € N(B) U {H} such that
Whli_ l J>r ? do Z(B') < Z(B) — g do

0i < 30i—1 BB

B; <« LOCALSEARCH(B;_1,P", 0;) return B

A — A(Bu Pwa QZ7m)
X = HUU—oN(B)
return argmingey Apy (C,PY).

(a) (b)

Figure 3: (a) A successive local search algorithm for MO(k, P™, m). Here, A(B;, P%, g;,m) is the
number of points that pay the penalty g; in the PMO clustering induced by B;. Formally, this is
the nubmer of points in N, _,,,(B;, P") that are in distance > p; from B;, see Section 2.3l (b) Here,
Z(B') refers to Ay, (B',P¥, 0), and Z(B) refers to A,,(B,PY, o).

(ii) Let J C C; be the set of k — ]9| = k — k' heaviest points not included in Y = [J Y.

(iii) Return C={f1,..., fir} U J.

3.2 The algorithm SuccessiveLS for the case v, =1

The algorithm SUCCESSIVELS(k,P"Y,m) is presented in Figure Bl (a). Its input consists of the
point set PY, C,, and integers k and m, and it returns the desired approximation. The procedure
SUCCESSIVELS uses LOCALSEARCH, depicted in Figure 3] (b). Here, the set C_ is not used by the
algorithm, and Cy is used to derive the sets H and H, see Definition 2111

Intuitively, SUCCESSIVELS works by generating a set of candidate facility sets, among which
at least one is more expensive than the optimal solution by only a constant factor. Therefore, the
cheapest solution among the candidates generated provides the required approximation.

3.3 The result
We have the following result.

Theorem 3.1 Given a set P of n points, integral parameters k > 1 and m > 0, one can compute,
in O(k*>(k + m)?n3logn) time, a set C C P of k facilities such that A,,(C,P) = O(opt), where
opt = opt, . (k, P, m).

The rest of the paper is dedicated to proving Theorem Bl In particular, it is implied by
Lemma B 10 and Lemma



4 Intuition and Correctness

4.1 Intuition

We handle the two cases 74 > 2 and 74 = 1 separately, because a key claim (see Claim 4] used
in bounding the cost of C_ works only for the case v, > 2, see also Remark Moreover, the
analysis of the local search method does not hold in the case v; > 2, see Lemma [6.5]

Intuition for GreedyMerge (74 > 2). In the clustering of P" induced by Cy, every heavy
point itself is a cluster (recall that the total weight of heavy points is n — m). GREEDYMERGE
needs to “pack” these ki clusters (i.e., heavy points) into k clusters, with the help of C_. Note
that Xq,...,X,_ are the k_ clusters in the clustering of X induced by C_, and intuitively, consider
Xi,...,Xx_ as a MO clustering of PY (recall that |X| is roughly n—m). To do the packing, we assign
a mass of one to (all copies of) each heavy point. Intuitively, the mass of X; is the (fractional)
number of heavy points in X;. The mass of X; may be fractional, since it might contain light
points. The mass of a light point p (i.e., §) is the fraction of the heavy points that are “ejected”
from X because of p (if p is included in X, then some heavy points must have been excluded by
X). Naturally, we would like to use X; with maximum mass, since it packs the largest number of
(fractional) heavy points into a single new cluster. In fact, a cluster X; with mass one or less does
not help us in this merging process (since X; would use one facility on its own). In particular, we
are mainly interested in the (added) benefit of X;, namely ben(X;) = mass(X;) — 1. Furthermore,
great benefit with prohibitive cost is of little use for us. As such, we sort the X;s by their return,
namely cost(X;) /ben(X;). Next, we pick as many of them as necessary so that we can add the
remaining (uncovered) heavy points as clusters to the solution, and still use only k facilities.

Intuition for SuccessiveLS (v; = 1). Here, we reduce the k-median with m outliers problem
(MO) to the penalty k-median with m outliers (PMO). The objective of MO is to compute C
minimizing A,,(C,P"), while PMO aims to minimize A,,(C,P"Y, p). Observe that those two cost
functions are the same when the penalty parameter p is sufficiently large. Therefore, if we can obtain
a constant factor approximation solution for PMO (with a large penalty parameter), then we are
done (because it is also a constant factor approximation for MO). Furthermore, when the penalty is
small enough (i.e., less than the minimal inter-point distance), the optimal solution to PMO is easy
to compute — it is just H, the set of the k& heaviest points in P". Now, we start with a (very) small
penalty parameter, and gradually increase the penalty parameter by “doubling” it in each round.
Because the penalty parameter increases “slowly”, and the solution computed from each round is
used as the starting point for the next round, we argue that the solution of LOCALSEARCH tracks
the optimal solution cost. This implies that, when the penalty parameter becomes large enough,
we have the required approximation. More formally, let w; be the cost of the optimal solution to
PMO in the ith round, and let w; be the cost of the corresponding LOCALSEARCH solution (in the
same round). Roughly, since w; — w;—1 = O(w; — W;—1), for every i > 1, we have w; = O(w;). In
particular, for ¢ sufficiently large, we obtain the required approximation.

4.2 Correctness

Observation 4.1 Let V be a set of n points, C C V be a set of facilities, and M’ be a set of at
least n —m points in V. It holds that A,,(C,V) < v(C,M").



Lemma 4.2 Given a set 'V of points and non-negative parameters m and z, let C be the facility
set computed by FLOALG for FLO(z,V,m). It holds that, for any k > 1,

A (C,V) < 3opt,.(k,V,m)+ 3z(k — |C| + 1).

Proof: We have optﬂo(z, V,m) < opt,.(k,V,m) + zk, for any k > 1, as opt,, (k, V,m) + zk is
the FLO cost of serving V' using the k optimal facilities realizing opt,, (k,V,m). Now, it follows
from Theorem that

Am(C,V) < 3opt, (2, V,m)—32(|C| -1) < 3(optme(k, V,m) + zk) — 32(|C| — 1)
= 3opt,.(k,V.m) +3z(k —|C| +1). u

The following is motivated by the work of Jain and Vazirani [JVOI] on k-median clustering.
Conceptually, they merge C_ and C, by using the fractional solution

C=—* c 4+ = c.. (3)
V-t 7+ V-t 7+

Here, a facility in C* is now assigned a fractional weight and the total weight of C* is k. This
provides a convex combination of the two solutions into a single solution. Next, Jain and Vazirani
use a random merging procedure to realize an integral facility having (roughly) the cost of C* (in
expectation). Furthermore, the cost of C; is O(OPT) and the cost of C_ can be bounded by

O(wOPT) where OPT is the cost of the optimal solution. Plugging this into Eq. (B

T+
yields the required approximation.

However, our situation here is more subtle, since we have different outlier sets associated with
the two solutions that we need to merge. In particular, there does not seem to be an easy way to
adapt their algorithm to this problem.

Claim 4.3 We have A,,(C4,P) < 3opt, where opt = opt,,,(k,P,m).
Proof: Since v4 = ky — k = |C4| — k, it holds that, by Lemma [4.2]
A (Ci,P) <3opt + 3z (k — |C4| + 1) = 3opt + 324 (1 — v4). (4)

Note that z; > 0 and 74 > 1, as such, we have A,,(C4,P) < 3opt. |

Claim 4.4 If 74 > 2, then Ay (C_,P) <9 7‘j’”opt.
_l’_

Proof: We first bound z;. By Eq. ({l), we have

324 (14 — 1) < 3opt — Ay (C4, P) < 3opt,

t .
which implies z; < op T Since z_ < zy + m2m and d,, < opt, it follows that
T+ n
dmin opt opt
(v 4+ 1) < _+ 1)< — _+1
oot D) < () oo (S ) o+
_+1 _+1 _+2
= <7+ +7_2|_ )optgﬂy+ opt,
Y+ — 1 n 7+ =1



7_—21—1§ 1
n "y+—1

since . Now, by Lemma 2] we obtain

An(C_,P) < 3Bopt+3z_(k—|C_|+1)=30pt+32_(7-+1)

42 _+1
<3+37 t >Opt—3wi_opt.
74— 1 ¥+ — 1

IN

3
We have v, — 1 > %r since v > 2, and v +79- +1 < 5(74_ +7_) since y4 +v- > v4 > 2. As

_+1
h,’Y++’Y + §3’Y++’Y

—, implying the claim. [ ]
T+ — 1 T+

suc

Remark 4.5 If v, = 1 then z, cannot be bounded by using Lemma 2] as done in Claim A4l
In fact, z; may be arbitrarily large compared to opt in this case. As such, a similar claim to
Claim [£4] does not hold here, and the convex combination in Eq. (B])4g is not necessarily a constant
approximation for MO. This is the reason why we cannot apply GREEDYMERGE in this case.

If v4 > 2 and =t O(1) then, by Claim 4] the set C_ is the required approximation
T+
(since |C_| = k_ < k). For example, if k; > 2k, then Rt < 2, and as such A,,(C_,P) <

T+

-t < 1+ u and as such

Y+
A (C-,P) < (9 +9u)opt. In particular, for a fixed u, the solution C_ yields the required constant

factor approximation. Henceforth, we assume that ki < 2k. Furthermore, if vy > 2, then we
assume that v_ > 3.

18opt. If v > 2 and - < wu, for some v > 0, then we have

The easy proof of the following lemma (which is implied by Claim 3] is delegated to Ap-
pendix Bl

Lemma 4.6 (i) For C C P, we have that |A,,(C,PY)— A, (C,P)| < 3opt.
(ii) If A, (C,PY) < ~opt", for some v > 1, then A, (C,P) < (4 + 3)opt.

The following corollary is implied by Claim 4] and Lemma (1).

Corollary 4.7 If v > 2 then A, (C_,P") < (3 + QW) opt.
T+

5 Correctness of GreedyMerge (7. > 2)

In this section, we show that, for the case vy > 2, GREEDYMERGE computes a solution C such
that |C| = k£ and A,,,(C,P) < 39opt. Here, we assume that v_ > 3, see Remark 0]
Let Z = YU JY, where Y and J are the sets constructed in the step (i) and step (ii) of

GREEDYMERGE, respectively. The cost v(C, Z) is equal to cost(Y), and it is in turn O (7—7‘:% cost(f)C)) ,

see Lemma [5.7] below. Moreover, Corollary [1.7] implies that cost(X) = O (% opt), and combin-
ing these inequalities yields

Y+ Y+ -+
v(C,Z) = cost(Y :O<costx>:O< . ot>:Oot.
(€.2) = cost(9) = O —L—cost(x) ) = O L T—Topt ) = O(opt)
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We are not quite done yet, as we have to argue that the size of Z is at least n —m, see Lemma 5.9
This claim is intuitively implied by BEN(Y) > 4 (see Eq. @)qg) but the proof is tedious, and we
defer it to Appendix [Cl

5.1 GreedyMerge is well defined

In this section, we show that all the steps of the algorithm succeed. Indeed, Claim below
proves that £/, used in step (i) of GREEDYMERGE, does exist. Also, in step (i), we always have
mass(p) > 0, as the mass of any point in X is positive. In step (ii) of GREEDYMERGE, we have
k' < k_ < k, and furthermore, Claim (5.4l below implies that at least k— k' heavy points are excluded
by Y, thus guaranteeing that step (ii) succeeds.

Observation 5.1 (i) All heavy points are either included or excluded by X.
(i) If 1y (X) = 0 then hy(X) = ki, and if I,(X) > 0 then hy(X) < ky — 1.
(i11) We have £ > 0, see Eq. {d)m. Moreover, for a set B C X, we have

mass(B) = hw(B) + & - lw(B). (5)

Claim 5.2 (i) If 1,,(X) = 0 then mass(X) = ki, and if l,(X) > 0 then mass(X) =k — 1.
(i1) S5y ben(X;) > S0, ben(Xi) > - + 4 — 1.

Proof: (i) If 1,(X) = 0 then, by Eq. ({), the total mass of all the points in X is mass(X) =
hw(X) + & - lw(X) = ky + 0 = k4, by Observation [5.1] (ii). Otherwise, we have I,,(X) > 0, and as
such,
ky —hyw(X) —1

Iw(X)

mass(X) = hw(X) + & - lw(X) = hy(X) + Aw(X) = ky — 1.

(ii) We have mass(X) > ky — 1, by (i), and k4 — k_ = v_ + 4, by definition. As such,

_ ke
Zben(fxi) = Z(mass(xi) —1)=mass(X) —k_ >k —1—k_=~_+~ — L
j i=1
Furthermore, since ben(X;) <0, fori =a+1,...,k_, we have
b ;) >
Z en(X;) > Zben( Z ben(X Zben u
i=1 =1 i=o+1
K -1 k!

Claim 5.3 (i) There exists k' < «a such that Z ben(X;) < 4 < Zben ().
(ii) Step (i) of GREEDYMERGE succeeds in computmg Y such that Eq. (3),m holds.

Proof: (i) By assumption, we have y_ > 3, and as such, 74 <~y- + v —1 <> ben(Xy), by
Claim (ii). Therefore, &’ is the first index for which this sum exceeds ~4.

(ii) In step (i) of GREEDYMERGE, adding each point to Y/ can increase the benefit of Y by

at most 1. This implies, by (i), that at some point, BEN(Y) = Zf:ll ben(X;) + ben(Yxs) will fall
inside the interval [y4, v+ + 1), since Yrr C Xpr. |

11



Claim 5.4 At least k—k' heavy points are not included in'Y. Thus, in step (ii) of GREEDYMERGE,
there are enough heavy points to be included in J, namely, hy(JY) =k — k.

Proof: Since, by definition, mass(B) = ben(B) + 1, for B C X, we have

K —1 k-1
mass(Y) = Z mass(X;) + mass(Yp ) = Z ben(X;) + ben(Yu) + k' = BEN(Y) + &'
i=1 i=1
Now, by Eq. [@)4g, which holds by Claim (ii), this implies
v+ + k" <mass(Y) < v4 + 1+ k. (6)

Since the mass of (all the copies) of a heavy point is one, it follows that the number of heavy points
in Y is strictly smaller than v, + 1+ &’ (or equivlantly, it is at most 4 + £k’). Now, since the total
number of heavy points is |Ci| = ky, it follows that at least ky — (v4 + k') = k — k’ heavy points
are not included in Y, as the set Y does not partly-include any heavy point. [

5.2 Bounding cost(Y)
In this section, we prove that cost(Y) = v(C_,Y) = O(cost(X)). The following technical lemma

x T T
holds, since for any four real numbers z,y > 0 and u,v > 0 satisfying — < g, we have — < ty <
(N U uU+v
Y
v

Lemma 5.5 Given x1,...,2. > 0 and yi1,...,y. > 0 such that x1/y1 < ... < xc/y., we have that
forany 1 <b<cand0< <1, it holds

Z?;% x¢ + By - Dt T
— — C .
Sy By, T i W

mass(Y)

Claim 5.6 We have that cost(Yy) < [ cost(Xy ), where = .
mass(Xg)

Proof: Observe that 0 < 8 < 1. Suppose that the set X/ consists of u distinct points, p1,..., Py,
cost(p;) - cost(pi+1)

mass(p;) ~ mass(pit1)
for some v < u. By Lemma 5.5 we have

cost(Yi) _ i wipi) - cost(p) _ Y1y wips) - costlps) _ cost(Xy)

mass (Y ) Z;‘;l w(p;) - mass(p;) ~ 2oie1 W(ps) - mass(p;) ~ mass(Xy)’

,fori=1,...,u—1. As such, Y consists of py,..., pu,

and furthermore,

implying that cost(Yx) < IIIIE:SS(%cost(DCk/) = [eost(Xg). |
Lemma 5.7 We have that cost(Y) < 377+cost(f)C) < 360pt.
V- 7+
Proof: Let A = Zf;l ben(X;) + fben(Xy) and T' = Zf/:_ll cost(X¢) 4+ B cost(Xy), where
mass(Yx )
= —". h
154 mass(Xp ) We have

Bben(Xy) = B(mass(Xp) —1) = mass(Yp) — 6 = (mass(Yp) — 1) + (1 — 3)
= ben(Yp)+1— 5 <ben(Yp)+ 1.

12



Therefore,

k'—1 k'—1
A= ben(Xy) + Bben(Xp) < > ben(X;) + ben(Yp) + 1 = BEN(Y) + 1 < 74 +2, (7)
t=1 t=1

cost(X1)

cost(Xy) _ - cost(Na)
ben(Xy) —

< pen(X) and 1 < k' < a, we have,

by the construction of Y, see Eq. @)pm. Since
by Lemma [5.5] that

r Zf;l cost(Xy) + [ cost(Xy) Zt 1 cost(Xy) - cost(X)

A M ben(X) + Bben(Xy) = ben(Xy) Sy s -1

since > ben(X;) > 7— + 74 — 1, by Claim (i), and Y - cost(X;) < cost(X). This implies

that (X )
cost(X) et

-+ -1 ¥-+re -1
since A < 4 + 2, see Eq. [y By Claim [B.6] cost(Yy) < [ cost(Xy), and as such,

K —1 K —1
cost(Y) = Z cost(Xy) + cost(Ypr) < Z cost(Xy) + Beost(Xy) =T

t=1

< Lcost(f)@ <3 ’7+ cost(X) ,
Y-+ =1 Y-+ 7+
2 3
since — 1+ + <t 31+ (implied by v+ > 2). Now, since |X| < n —m, by the

Y-+ =1 T =+ T -+
construction of X, it holds that

cost(X) < A, (C_,PY) < (3 + QW) opt,
T+

by Corollary 271 Putting above two inequalities together, we obtain

cost(y) < 3— <3 Lol=t+
Y-+ Y+

) opt < 360pt. -
Y+

5.3 Putting things together
Lemma 5.8 We have that v(C,Z) < 360pt.
Proof: Since Z =Y U JY and C={f1,..., fir} UJ, we have, by Lemma [5.7] that

WG Z) < v({fi.. fw b Y) + (], JY) = cost(Y) + 0 < 360pt,
as Y C Uiil X;, and f; is the (nearest) facility of X; in C_. |
The proof of the following lemma can be found in Appendix
Lemma 5.9 We have |Z| > n —m.

Lemma 5.10 If v, > 2, then one can compute, in O(n?log®n) time, a set C of k facilities such
that A, (C,P) < 390pt.
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Proof: The algorithm is GREEDYMERGE, presented in Section Bl By Lemma [E9] it holds
|Z] > n —m. Since Z C P", by Observation .T], we have A,,(C,P") < v(C, Z), which is at most
36opt, by Lemma 5.8 Now, Lemma A0l (i) implies that A,,(C,P) < 3opt + A, (C,PY) < 39opt.
The overall running time is dominated by computing C_ and C,, which takes O(n?log®n) time

[CKMNOT]. m

6 Correctness of SuccessiveLS (7. =1)

In this section, we show that, for the case v, = 1, SUCCESSIVELS computes a solution C such that
|C| = k and C is the desired approximation.

Definition 6.1 (Acceptable solution.) A facility set C of size k is an acceptable solution if
A, (C,PY) < bopt", where b’ is an appropriate fixed constant.

We shall prove that C = SUCCESSIVELS(k, P“,m) is an acceptable solution, which implies, by
Lemma [£.0] (ii), that A,,(C,P) = O(opt). We remind the reader that in the penalty k-median with
outliers problem (PMO), we are allowed to have more than m outliers, but every such extra outlier
incurs an additional penalty p.

Observation 6.2 Let V' be a set of n points, C CV, and o > 0 be a penalty parameter.
(i) Am(C,V,0) < v(C,M)+ o(n —m — |M|), for any M C 'V such that |M| <n —m.
(i) A (C,V, 0) < v(C, M), for any M C 'V such that |M| > n —m.
(i) opt,me (k. V, 0,m) < opto(k, V,m).

6.1 The analysis of SuccessiveLLS

Conlsider ‘the .algorithm LOCAI-JSE{ARCH 00 = dumin/10 0 = 300
d.eplcted in .Fllgure B I.n the ¢th itera- ©; = O(B;,PY, 0;,m) | ©; = ©(B;,PY,
tion, the facility set B; is computed for A;=n—m~— |0 ANi=n—m—
the problem PMO(k,PY, 0;,m). Let B; i = v(Bi, 0;) 7, = V(Ei,@i)
be the optimal solution for the same in- wi = Am(Bi, PY, 0;) i = An(Bi, PV, 0;)
stance. The notations used in this sec- = opt k,P¥, 0;,m)
tion are summarized in the table on the
right. Here, ©; = ©(B;,P", 0;, m) denotes the set of points of N,,_,,,(B;, P") in distance < p; from
B;, namely, these are the points that contribute their true distances (from B;) to A, (B;, P, 0;)
(note that a point in N,,_,,,(C, V') \ ©; pays only the penalty, as its distnace to B; is strictly larger
than g;). As such, A; is the number of points that pay the penalty in the PMO clustering induced
by B;. By definition, we have

gi ) m)
O;

pmo(

wi = v(B;,0;) + (n—m —|Bi|)oi =ni + A 0
and - - B
w; = v(Bi,6;) +(n—m —|Bi|) 0i = 7; + Ai 0 = 0ptym, (K, P, 0i,m),

as B; is the optimal solution.
The quantity A is “dual” to the penalty parameter p. In particular, A is monotone decreasing
as a function of gEl

- 'We sketch tge proof here for Zﬁl < A;. Indeed,ﬁby Observation (i), it is not hard to verify that n; +
Ao < Mig1 + Aiy1 0; and Mig1 + Ait1 0i+1 < 7; + A 0i+1. Adding these two inequalities together, we obtain
Zi+1(gi+1 — Qz) S Zi(@i+l — Qz) Since Qi41 — 0i = 397, — 0i > 0, this implies that Ki+1 S Zz
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Claim 6.3 It holds that wy = wq, w1 = 3wq, and wy = 9wy.

Proof: 1t is easy to verify, by construction of PY, that any k£ points of P have total weight
at most n —m. As such, when j = 0, 1,2, it holds that ©(C,P¥, g;,m) = C", for any C C P¥
satisfying |C| = k, since 0j < 9dpmin/10 < dpn (which implies that no point in P" \ C'" is in
distance smaller than g; to C'). Therefore, when j = 0, 1,2, we have

Am(C,PY, 05) = v(C,C") + (n—m — [C"])gj = (n —m — |C*])g;.

This implies that By = By = B = By = H, because H is the set of the k heaviest points. Now the
claim follows, since gs = 999 and 91 = 309. [

Claim 6.4 Fori > 0, it holds that (i) wir1 — w; < 24; 0; and (i) 2841 0; < Wir1 — ;-
Proof: (i) We have wi+1 = Ap(Bit1, P, 0i+1) < Am(Bi, PV, 0i+1), since B;y1 is computed by
a local search starting from B;. In addition, by Observation [6.2] (i), we have
Am(Bi, PY, 0i+1) < v(Bi,0;) + (n —m — [O4]) 0iv1 = ni + A 0i11.
It follows that
wit1 <N+ Ajoir1 = mi + 380 = wi + 24, 0,
since ;11 = 30; and w; = n; + A; 0;.
(i) We have w; = An(Bi,PY, 0;) < An(Bit1,PY, 0;), since B; is the optimal solution for
PMO(k,P", o;, m). By Observation (i), we have
A (B, PY, 0i41) < v(Bi, ©;) + (n —m — [0;]) 0iv1 =1 + A 0i41-
It follows that
Wi <M1+ Air10i = iy + 30511 0i) — 28511 00 = Wig1 — 20411 04
since Wip1 = Tiy1 + Aig1 0ir1 = M1 + 3Ai41 04 =

The proof of the following lemma can be found in Section

Lemma 6.5 If w; < 9opt™ and there is no acceptable solution in H UN(B;), then A; < A;_1.

Naturally, when the penalty parameter exceeds d;,q:, no point would pay the penalty in the
solution computed by SUCCESSIVELS. As such, before ¢; > 3dmae, we would have A; = 0 and
thus, SUCCESSIVELS terminates. Since 09 = dmin/10 and dpaz/dmin = O(n?), this implies that it
terminates after O(logn) calls to LOCALSEARCH (with gradually increasing penalty parameters).

Lemma 6.6 If there is no acceptable solution in H U U{:o N(By), then wj < 9opt™, forj=0,...,1,
where I is the smallest index such that Ay = 0.

Proof: By induction on j. For the base cases j = 0,1, and 2, Claim [6.3] implies that w; < 9wy =
90ptpmo(k, PY, 00, m) < 9opt", by Observation (iii). Thus, assume that the claim holds when
0<j<i—1, where 3 <1¢ < I. We need to show that w; < 9opt".

By Lemma [6.5] we have that A; < A;_1, for 1 < ¢ < i — 1, since w; < 9opt™ by the induction
hypothesis. Therefore, since o, = 99;_9, for 2 <t <i— 1, we have

wip1 — wr <28; 08 <201 0t = 18241 01— < I Wi—1 — Wi_2),
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by Claim Summing this inequality, for ¢ = 2,...,i — 1, we obtain w; — we < 9(W;—2 — Wy).
This implies w; < 9(w;—2 — Wo) + wo = 9w;—2 < 9opt” since ws = 9wy, by Claim [63] and
Wi_o = optpmo(k:7 PY. 0i—2,m) < opt", by Observation [6.2] (iii). [
Claim 6.7 The set HU U{:o N(B;) contains an acceptable solution, where I is the smallest index
such that Ay = 0.

Proof: Assume for the sake of contradiction that H U Uf:o N(B;) does not contain an acceptable
solution. Since Aj = 0, it follows that |©;]| =n—m — Ay =n—m and w; = v(B,01) + 01 A7 =
v(Br,0r). Therefore, by Observation 1] A,,(Br,P"Y) < v(Br,01) = wr < 9opt", by Lemma [6.6
However, by definition, this implies that By is an acceptable solution. A contradiction. [

Lemma 6.8 If v, = 1, then one can compute, in O(k%(k +m)*n®logn) time, a set C of k points
such Ap, (C,P) < (4b' + 3)opt, where b’ is the constant in Definition [6.1.

Proof: The algorithm is SUCCESSIVELS, described in Section By Claim 6.7 we have
A, (C,PY) < b'opt¥, where C is the solution computed by SUCCESSIVELS. Now, Lemma [£8] (ii)
implies A,,(C,P) < (4b’ + 3)opt.

The overall running time of SUCCESSIVELS is dominated by the calls to LOCALSEARCH. As
discussed above, SUCCESSIVELS terminates after O(logn) calls of LOCALSEARCH. There are
O(ndpmaz/(dmin/30)) = O(n?) local search steps done by LOCALSEARCH, because ndy.. is an
upper bound of the cost for any valid solution for MO(k, P%, m) and 09/3 = dpin/30 is a lower
bound on the improvement a local search step makes. Each local search step in LOCALSEARCH
needs to check O(k(k + m)) neighbors and each check (namely, to see if a neighbor facility set is
better than the current solution) takes O(k(k +m)) time, since there are only k +m = O(k +m)
distinct points in P%, see Remark L5l Hence, the total running time is O(k?(k +m)?n®logn). =

6.2 Proof of Lemma

6.2.1 Notations and assumptions

Given a parameter o > 0 and an arbi- F = LOCALSEARCH(B, PY, 30), where B is
trary facility set B satisfying |B| = k, let an arbitrary set of k facilities.
F = LOCALSEARCH(B,P"Y,3p). And let F U = O(F,P",30,m).
be the optimal solution for PMO(k, P, o, m). A=n—m-—|U|.
The notations used in this section are sum- U,: the points of U served by v, for v € F.

marized in the table on the right. F: Optimal solution for PMO(k, P¥, 0, m).
U=0(F,P% 0,m).

A=n—m—|0].

Uz: the points of U served by z, for € F.

In the remainder of this section, we prove
that A < A under the following assumptions:

(Al): A, (F,PY,3p) < 9opt™.

(A2): HUN(F) does not contain an acceptable solution.

(A3): A >0, that is, U] <n—m. (If A =0, then the claim trivially holds, since A > 0.)
Specifically, the claim is that the LOCALSEARCH solution (with penalty parameter 3p) penalizes

no more points than the optimal solution (with penalty parameter p). In other words, the balls

of radius 3p centered at the facilities of the LOCALSEARCH solution cover no less points than the

balls of radius g centered at the facilities of the optimal solution.
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6.2.2 Proof of Lemma

Our proof is remotely similar to the approach used by Arya et al. ﬂm We establish a
bijection 7 : F — F such that |U, \ U| > |Uy(,) \ U| holds for all v € F. The quantity |U, \ U|
quantifies by how much U would grow (in size) if the cluster U, is added to U, and ‘UW(U) \U }
a UU\U} > ‘Uw(v)\U}
implies, in some sense, that U, is more “valuable” than Uy (.. In particular, if w has this property,
then

quantifies by how much U would grow if Uﬂ(v) is added to U. Therefore,

Ul = [T = [U\NT| = [U\U[ =Y (U NT| = |[Uny \UJ) > 0, (8)
veEF

and thus, — |U| < — ‘U} This implies A=n—m —|U| <n—m — }U| = A, by definition.

Lemma 6.9 Under the assumptions of Section .21, we have that
(i) v(F,U) < A (F,PY,30) < 90pt", and
(it) v(F,U) < Ap(F,P%, 0) < opt™.

Proof: (i) The first inequality holds because A,,(F,P%,30) = v(F,U)+3pA and o, A > 0. The
second inequality holds by assumption (Al).

(ii) The first inequality holds by the same argument as (i). As for the second inequality,
since F' is optimal for PMO(k, P, o, m), we have A,,(F,P", 0) = optpmo(k, PY, 0,m) < opt¥, by
Observation (iii). |

The proof of the following lemma can be found in Section Intuitively, it holds because
|C+| =k +1 and w(C;) = n —m. Indeed, assume that such 7,7, and ¢ satisfying ]/(q,Uf U Ug) =
O(opt") exists, namely, we can use one single facility (i.e., ¢) to serve Uz and Uy together “cheaply”.
It is not hard to argue that the size of Uz U Uy is larger than two heavy points, say hy and ho.
Since there are k£ 4+ 1 heavy points in total, and their total weight is n — m, we can use the k — 1
heavy points (other than h; and hgy) as the k — 1 clusters. These k — 1 clusters together with ¢
(which serves Uz U Uy) would be an acceptable solution, contradicting assumption (A2).

Lemma 6.10 Under the assumptions of Section [6.2.1), for any Z,7 € F and q¢ € P, we have
I/(q,ﬁfuﬁg) > 150pt™.

Definition 6.11 (Match, capture, and prisoner.) Two facilities v € F and T € F overlap if
U, NUz # 0. We construct a graph § = (F UF, &), where the edge vx € € if v and T overlap. The
degree of u € F'U F is denoted by deg(u).

A facility v € F and a facility € F match, if vT € & and deg(v) = deg(z) = 1.

A facility v € F captures a facility T € F, if v is the nearest neighbor to 7 in F and d(v,Z) < 2p.
In this case, T is a prisoner of v.

Observation 6.12 Under the assumptions of Section [6.21], we have |U| < n —m, and as such,
all the points of PV in distance at most 3o from F are in U.

Claim 6.13 Under the assumptions of Section[6.2.1), if v captures T then vT € E.

Proof: Since d(F,Z) < d(v,T) < 20, we have, by Observation [6.12] that Z € U. Now, since the
nearest neighbor to  in F is v, it follows that T is in the cluster of v, namely T € U,. Therefore,
we have T € Uz N U,, which implies the claim. [
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Claim 6.14 Forv € F andx € F, if T is a prisoner of v, then
(i) Uz C U (that is, Uz \U| =0), and
(ii) for any p € Uz, it holds that d(v,p) < d(F,p) + 2d(F, p).

Proof: (i) For a point p € Ugz, it holds, by the triangle inequality, that d(F,p) < d(v,p) <
d(v,z) +d(Z,p) <20+ o = 3p. Thus, by Observation .12, we have p € U.

(ii) Fix a point p € Uz, and let s be the nearest neighbor to p in F. Since v captures T, the
nearest neighbor to T in F' is v, and as such d(v,Z) < d(s,Z). Therefore, by the triangle inequality,

d(v,p) < d(v,Z) +d(T,p) <d(s,7) +d(T,p) < (d(s,p) +d(p, 7)) +d(T,p)
= d(F,p) +2d(z, p) = d(F,p) + 2d(F, p). u

Claim 6.15 Under the assumptions of Section[6.2.1}, any facility in F can be a prisoner of at most
one facility in I, and any facility of F' can capture at most one facility of F'.

Proof: The first assertion follows from the definition, since a prisoner always belong to its
nearest neighbor in F' (which is distinct, as all distances are distinct). As for the second claim,
let v € F, and assume, for the sake of contradiction, that v captures two facilities Z,7 € F. By
Claim (ii), we have

V(U,UfUig) - Z d(pr) S Z (d(va) +2d(F,p))

p GUEUUg pe Ufuﬁg
< > d(F,p)+ Y 2d(F,p)=v(F,U)+2v(F,T),
peU pelU

since Uz U 7 C U and Uz U Ug C U, by Claim (i). Now, By Lemma [6.9] we have
v(v,UzUUy) < v(F,U)+2v(F,U) < 9opt” + 20pt” < 11lopt",

contradicting Lemma [6.10 n

Definition 6.16 Let F C I be the set of facilities that

capture some facilities of F, and let F C F be the cor- f T2y
responding set of prisoners. By Claim [6.T5] there exists ,

a bijection m¢ : Fo — F¢ such that v captures mo(v) for

each v € Fp.

Let Fpy € F'\ Fe be the set of facilities which match
some facilities in F'\ F¢, and let Fpy C F\ F¢ be the
set of facilities which match some facilities in Fy;. It
follows from the definition that there exists a bijection
7p : Fyy — Fpy such that v and mp(v) matches each
other, for every v € Fj.

Let Fp, = F\(FC UFM) and FL = F\ (Fc UFM)
Let 77, : Fr, — F1. be an arbitrary bijection.

Figure 4: F = {v1,ve,v3} and F =
{T1,T2,T3}. The area inside the cir-
cles represents the points in U, the area
inside the dashed circles represents the
points in U. Here, v; captures Z;, and
v9 matches To but does not capture x».

Let 7 : F — F be the bijection formed together by ~We have m(v1) = Z1, m(v2) = Ta, and
wco, Tp, and w7, See Figure [l m(v3) = T3.
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We next establish that, for all v € F, it holds ‘Uv \U| > ‘UW(U) \ U|, which proves Eq. &)y
and thus implies Lemma [65 In fact, since 77, is an arbitrary bijection (between Fy, and Fp), our
proof would imply the stronger property that ‘Uv \U| > ‘Ug\ Ul|, for any v € Fr, and 7 € Fp.
(However, our proof actually does not require this stronger property.)

The following lemma is implied immediately by Claim (i).
Lemma 6.17 Ifv € Fo and T = 7(v) then |U,\U| > |Uz\U| = 0.

Lemma 6.18 Under the assumptions of Section [6.2.1], there does not exist a multiset M C PW
and a set C € HUN(F) such that |M| > n—m and v(C, M) < b'opt", where b’ is the constant in

Definition [61.

Proof: Assume for the sake of contradiction that such a set exists. Then, by Observation E.],
it holds A,,(C,PY) < v(C,M) < b'opt", which implies that C' is an acceptable solution. This
contradicts the assumption (A2) that H UN(F') does not contain such a solution. |

Let Uvﬂj == (U \ Uv) UUf and UEH’U = (U\Uf) U UU.
Lemma 6.19 If ‘UE_)»U} — ‘U‘ > |U| — |Uy—zl|, then ‘UE_)/U} > ‘U‘
Proof: Assume for the sake of contradiction that ’Ugﬂv‘ < ‘U| Let Fy_.z = F — v+, where
the notation F' — v + T refers to (F'\ {v}) U {Z}. We have
V(Fyz, Upesz) — v(F,U) < <V(F —0, U\ U,) + v(7, Uf)) - (V(F— 0, U\Uy) + v(v, UU)>
= V(I,Uf) —v(v,Uy) . (9)

This implies that

v(Fy—z,Upz) v(F,U) —v(v,Uy) +v(Z,Uz) <v(F,U)+v(F,U)

<
< 9opt" + opt™ < 100pt", (10)

by Lemma 6.9 If |U,_z| > n—m then F,_ 3 is an acceptable solution, contradicting Lemma [6.T8§
Thus, we have |Uy,—z| < n —m. Now, by Observation (i), we have A,,(F,—z,P%¥,30) <
V(Fy—z,Uy—z) + 30(n — m — |Uy—z|). Therefore,

D = Am(Fv—>fa PW739) - Am(Fv PW739)

< (WP, Usma) +30-(n = m = Ussl)) = (v(F,0) +30-(n —m — U]))
= W(Prz,Upz) — v(F,U) +30-(|U| — [Up—z])
< V(E,Uf) —v(v,Uy) + 30 -(U| — |Uy=3z]) ,

by Eq. [@). Moreover, since F' is the solution computed by LOCALSEARCH, we have that D >
—(30)/3 = —p and as such,

v(z,Uz) — v(v,Uy) +30-(|U| = |Uy—z|) = D > —op. (11)

Let Fz_., = F —Z+wv. Since }UEHJ < |U‘ < n —m (by assumption), arguing as above, we
have

D = Am(FEHUa PW) Q) - -Am(F7 Pwa Q) < V('Ua Uv) - V(jaﬁf) + 0 (|U| - ‘UEHUD .
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Moreover, since I is the optimal solution for PMO(k, P, o, m), we have D > 0. It follows
v(v,Uy) = v(Z,Uz) + 0 (|U] = |Uz—s|) = 0. (12)
Now, adding Eq. ({T) and Eq. ([Z) together, we obtain
30-(U] = [Up—z]) + - (|U| = |Uz=n]) = -0
Since |Uz—y| — |U| = |U| = |Uyp—3z|, it follows that

30 (|Us—o| = [U]) + 2-(|U] = |[Uz—s]) = 32-(UI = [Uual) + - (U] = [Uz—0]) = e,

or equivalently, Uf_,v’ — ’U‘ > —1/2. This implies that ‘ﬁf_,v‘ > ‘U , contradicting our assump-
tion ‘Ug_w‘ < ‘U‘ [ ]

Lemma 6.20 Under the assumptions of Section [6.21], if v € Fyy and T = mw(v) then ‘Uv \U’ >
T\ U],

Proof: Since v and T match each other, 7 is the only facility in F' that overlaps with v, and as
such, |Uy—z| = |U \ Uy| + ‘Uf‘ = |U| = |Uy| + ‘Uf‘ Similarly, we have ’Ugﬂv‘ = {U’ — }Uﬂ + |Uy|.
It thus follows that |Uz—,| — [U| = |U,| — |Uz| = |U| — |Uy—z|. Now, by Lemma .19, we have
UEHU’ > ‘ﬁ‘, which implies |U,| > ’Uﬂ Therefore, we have ‘Uv\U’ = |Uy| — ‘Uvaf‘ >
To| — |U, N Ts| = [T\ U]. "

The proof of the following claim is similar to the proof of Lemma [6.20, and is thus omitted.

Claim 6.21 Let v € F, and T = 7w(v). Under the assumptions of Section [(.21), if deg(v) =
deg(z) = 0 then |U, \U| > |Uz\ U|.

Lemma 6.22 Under the assumptions of Section [6.2.1), there does not exist a multiset G C PV of
size A, such that GNU =0 and for all p € G, it holds d(p, F) < 50.

Proof: Assume for the sake of contradiction that G exists. Then, we have |[UUG| = |U|+ A =
n —m, and moreover,

v(FFUUG) < v(B\U)4+v(F,G)<v(F,U)+50|G|=v(F,U)+50A

) 5
< g(u(F, U)+30A) = gAm(F, PY 30) < 150pt"”,
since A, (F,PY,30) < 9opt”, by Lemma [6.9 Namely, F' is an acceptable solution, which contra-
dicts Lemma [6.18] ]

Lemma 6.23 Letv € F and® € F. If vz € &, then d(v,T) < 40, and furthermore, for allp € Uz,
it holds d(p,v) < 5p.

Proof: Since vz € &, there is a point ¢ that is in both U, and Uz. Therefore, we have
d(q,v) < 3p and d(q, %) < p. By the triangle inequality, it holds d(v,Z) < d(v, q) +d(q,T) < 4p. For
an arbitrary point p € Uz, we have that d(p,Z) < g, and as such, again by the triangle inequality,
d(p,v) <d(p,T) +d(Z,v) < o+ 40 = 5p. |

Lemma 6.24 Under the assumptions of Section 621, there exists a heavy point h € P such that
h ¢ U and furthermore, for allv € F, it holds A < w(h) < |Uy|.
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Proof: Consider an arbitrary heavy point A'. Since |U| < n —m, it follows by the definition of
U that h' appears either w(h') times or not at all in U. Note that the total weight of all the heavy
points is n —m, namely w(C;) = n —m. This implies (since |U| < n —m) that there exists at least
one heavy point that does not appear in U, and let h denote this point.

Assume, for the sake of contradiction, that w(h) < A — 1. Recall that H C C is the set of k
heaviest points and |C;| = k+ 1. Thus, n —m — |H| is the weight of the heavy point with the least
weight in C;. As such, it holds that n —m — |H| < w(h) < A — 1. By Observation (i), we have

Am(H7PW73Q) V(H,HW)+3Q("I’L—TH,—’HWD§0+3Q(A—1)

<
< v(F,U)+30A —30= A, (F,P%¥, 30) — 3p. (13)

On the other hand, since F' = LOCALSEARCH(B, P"Y,3p), where B is an arbitrary set of k facilities,
it holds that A,,(F,P%¥,30) — 0 < A, (H,PY,30), see Figure B (note that H is one of the candidate
solutions considered by LOCALSEARCH). Combining this inequality with Eq. (I3)), we obtain

Am(Fa PW73Q) — 0 S Am<H7 PW73Q) S Am(F7 Pwagg) - 3@7

which is a contradiction.

Next, we prove the other inequality w(h) < |U,|, for every v € F. Assume for the sake of
contradiction that w(h) > |U,|. Let M =(U \ U,) U h". We have

[M| = U\ Uy| +w(h) = U] = |[Us| +w(h) > [U| +1,
since h ¢ U and w(h) > |U,|. Now, note that
v(F—v+h M) <v(F—v,U\Uy)+v({h},h") <v(F,U)+0=v(F,U).
If |[M| < n —m then by Observation [6.2] (i), it holds that

Ay (F—v+h,P%Y, 30) v(F—v+h,M)+30(n—m— |M])

<
< V(FvU)+3Q(n_m_|U’_1) :Am(Fa PW73Q)—3Q7

since |M| > |U|+ 1. Now, arguing as above, this contradicts the local optimality of F'; as F'—v+h
is one of the possible solutions considered by LOCALSEARCH, see Figure [Bl

Otherwise, we have |M| > n —m, and by Observation (ii), it holds that

A (F —v+ h,P", 30) V(F—v+h M) <v(F,U)

<
< V(FaU)+3Q(n_m_|U’_1) :Am(FaP\NasQ)_?)Qa

since n —m — |U| —1 > 0 (implied by |U| < n —m). Again, this is a contradiction to the local
optimality of F'. [

Claim 6.25 Letv € Ff, and T = w(v). Under the assumptions of Section[6.2.1), if deg(v) = 0, and
there is a facility s € F such that s # v and sT € &, then ‘Uv \U| > ‘UE\ U‘.
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Proof: Assume for the sake of contradiction that ‘UU \U| < SN
Uz \U|. Since the degree of v is zero, we have |U,| = '
U,\U| < |Uz\ U|. By Lemma 624, we have A < |U,|. R
It thus follows A < ‘Uf\ U|, and as such, there exists a
subset G C Uz \ U such that |G| = A. Furthermore, by
Lemmal6.23] each point of Uz \ U is within distance 59 to s.

Since G C Uz \ U, this implies that d(p, F) < d(p, s) < 50,
for each p € G. However, this contradicts Lemma [6.22] [ |

o8

The following claim will be useful in proving Claim below.

Claim 6.26 For v € Fr, and s € F —v such that d(v,s) < 8p, it holds I/(F—U,UU ﬂU) <
1v(v,Uy) 4 2v(F,U).

Proof: Consider § € F such that U, N Uy is not empty. For an arbitrary point p € U, N Uy, it
holds d(v,p) < 3p and d(7,p) < o.

If d(g,v) > 2p, then by the triangle inequality, we have that d(p, s) < d(p,v)+d(v, s) < 30+8p =
11p and d(p,v) > d(y,v) —d(y,p) > 20— 0 = p. In particular, for p € U, N Uy, we have v(v,p) > o,

and as such y(v, U, N Ug) >0 |Uv ﬂUg}. Since s € F'— v, we have

V(F—U,Uv ﬁUg) < I/(S,Uv ﬂUg) < llg‘Uv ﬂUg‘ <11 I/(U,Uv ﬁUg) =11 Z d(F,p).
peU,NU7

If d(y,v) < 2p, then the distance between 7 and its nearest neighbor in F is less than 29, and as
such, 7 is a prisoner of 7~!(7). Note that 7~!(%) # v, since otherwise, v captures 7, contradicting
that v € Fr. Claim [6.14] (ii) implies that

v(F—v,U,NUy) < v(n'(y),U,NTz) < Z (d(F,p) + 2d(F,p)).
peU,NU7

Combining these two cases, we obtain v(F —v,U, N Uy) < Z (11d(F, p) +2d(F,p)). Sum-
perﬂUg
ming the inequality over all facilities 77 € F, we have that

v(F—v,U,NnT) < > (11d(F,p) + 2d(F,p)) < 11v(v,U,) + 2v(F,T) .
pEUvﬂU

Claim 6.27 Let v € Fj, and T = w(v). Under the assumptions of Section [G.2.1, if there exists
y € F and s € F such that vy, sy € &, then ‘Uv \ U‘ > }Uf\ U}. Note that s # v, but it is possible
that y = x.

Proof: Assume for the sake of contradiction that ‘Uw \ U| <

|Uz\ U|. By the triangle inequality and Lemma .23} it fol- Yy
lows that d(v,s) < d(v,7y) +d(y,s) < 40+ 4p = 8p. And for ¢
any ¢ € Uy, we have d(v,q) < d(q,v) +d(v,s) < 30+ 80 = -
110.
(i) If !Uv \U‘ > A, then there exists a multiset G C
Uy, \ U such that |G| = A. Let M = (U\ U,) U (U, NU)UGU (Uz\U). Observe that M’ is the
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union of the four disjoint sets. Indeed, Uz \ U is disjoint from U, which contains the other three
sets. It is easy to verify the other pairs of sets are also disjoint, using similar arguments. Therefore,
M| = |U\U|+|U,NU|+ |G|+ |Uz\ U]

= ([U] = 0]) +(1Us| = |U\T|) + A+ |Uz\ U]

= [Ul+A—|U\T|+|Uz\U| >n—m,
since |U| 4+ A =n —m and ’Uv \U‘ < |Uz \ U| (by assumption). Furthermore, for all ¢ € G C Uy,
it holds that d(q,s) < 11p and as such, v(F —v,G) < v(s,G) < 11p|G| = 11pA. Let X =
(U\U,)U(U,NnU)UG, and by Claim 626, we have

I = v(F-v,X)=v(F-v,U\Uy)+v(F—v,U,NU) +v(F—-v,G)
V(F—v,U\U,) +(11v(v,Uy) 4+ 2v(F,U)) + 110A
Hv(F —v,U\Uy) + 11v(v,Uy) + 110A + 2v(F,U)
Hv(F,U) 4 110A + 2v(F,U) < 11A,(F,PY,30) 4+ 2A,,(F,P", 0)
< 11-9o0pt" + 20pt" = 1010pt"”,
since A, (F,P",30) < 9opt" and A,,,(F,P", 0) < opt” by LemmaB.9 Let F' = F—v+T, we have
v(F',M') = v(F-v+z,XU([Uz\U)) <T+v(z,Uz\U) < 10lopt” + v(F,U)
< 10lopt” + A, (F,P", 0) < 1020pt™.

VANVAN

Namely, F’ is an acceptable solution, which contradicts Lemma [G.I8

(ii) Consider the case that ’Uv \U‘ < A. By Lemma [6.24] there exists a heavy point & such
that h ¢ U and w(h) > A. Let M" = U UhRY, and let F” = F —v+h. It holds that |M"| =
Ul +w(h) > |Ul+A=n—m. Set G=U,\U, arguing as above, we have

I'=y(F-v,U)=v(F-v,(U\U,)UU,NU)UG) < 101opt",
and as such, v(F", M") <T + v(h,h"™) < 10lopt¥. Again, this implies that F" is an acceptable
solution, and this contradicts Lemma [6.18] [

Claim 6.28 Let v € Fy, and T = w(v). Under the assumptions of Section [C2]), if there exists
Y,z Ef such that vy,vz € € and deg(y) = deg(z) =1 (namely, both y and z overlap only v), then
|Uv \ U‘ > ‘UT\ U‘. Note that 5 # Z, but it is possible that j =T or Z = T.

Proof: Assume for the sake of contradiction that ‘UU \ U| <

|§g\ UJ Since both § and Z overlap with only v, we have R JPEER

(Uy UT)\U = (U5 UU=)\U,. Alsonote that, by LemmaE2Z3 ! 9 z N
— J— A} L 1

every point in Uy U Uz is within distance 59 to v. AN .

If ‘(UgUUE) \U| > A then there exists a subset G C
(UyUUz) \ U such that |G| = A. Since each point in G is
within distance 5¢ to v, this contradicts Lemma [6.22]

If (UzuUz) \U| < A then we have v(v,(UzUUz) \U) < 50|(UzUUsz) \ U| < 50A, since
every point in UzUU is within distance 50 to v. Now, by Lemma[G.9, we have that A, (F, P¥,30) <
9opt™, and as such,

V(’U,UyUUg) = V(U,(UgUUE) N Uv) + l/(’l),(UyUUg) \Uv) <v(v,U,) + 5pA
< v(F,U)+50A < gAm(F, PY 30) < 150pt".

However, this contradicts Lemma .10 [

23



Lemma 6.29 Under the assumptions of Section [6.21), if v € Fr, and T = 7(v) then ‘UU \U| >
|Uz\U].

Proof: Consider the degrees of v and . There are six cases.

(i) If deg(v) = deg(z) = 0, then the lemma holds by Claim [6.2T]
(ii) If deg(v) = 0 and deg(x) > 1, then the lemma holds by Claim

(iii) If deg(v) = 1, Jvy € &, and deg(y) = 1, then by definition, they match, which contradicts
v € Fy.

(iv) If deg(v) = 1, Jovy € &, and deg(y) > 1, then the lemma holds by Claim 627
(v) If deg(v) > 2, Jvy, vz € €, and deg(y) = deg(z) = 1, then the lemma holds by Claim [6.28
(

(vi) If deg(v) > 2, Jvy € €, and deg(y) > 1, then the lemma holds by Claim [6.27] .

Lemma [6.17, Lemma [6.20], and Lemma imply that ’Uv \U} > |Uﬂ(v) \U ‘ holds for every
facility v € F. As discussed, in Section [.2.1] this implies Lemma [6.5]

6.2.3 Proof of Lemma

The proofs in this section depends only on the claims and lemmas preceeding Lemma [6.10

Lemma 6.30 Under the assumptions of Section[6.21], there does not exist two heavy points h and
B, a multiset G C P, and a facility ¢ € PV, such that (i) |G| > w(h) +w(R), (ii) the multiset G
excludes every heavy point in Cy —h — 1, and (i) v(q,G) < 150pt".

Proof: Assume for the sake of contradiction that they do exist. Let B = C, — h — h/. Since

|C4| = k+ = k+1, we have | B| = k—1. It holds that |[BY U G| = w(B)+|G| > w(B)+w(h)+w(h') =
w(C4) = n — m. Furthermore,

v(B4+¢,B"UG) <v(B,B")+v(q,G) <0+ 150pt".

Since B+ ¢q € ‘H and it is an acceptable solution, this contradicts Lemma, [.1§] [

Claim 6.31 Under the assumptions of Section[6.2.1), the following holds:
(i) There is at most one facility T in F such that Uz partly-includes a heavy point.

(ii) There is no facility T in F such that Uz includes two or more heavy points. (However, Uz
may include one heavy point and partly-include another heavy point.)

Proof: (i) Since U C P¥ is the set of n—m — A closest points to F, and the inter-point distances
of P are distinct, it follows that at most one heavy point can be “shattered” by F'.

(i) Assume for the sake of contradiction that Uz includes two heavy points h and h’. Let
G = {h,n'}". Since Uz includes h and I/, we have G C Ugz, and as such v(z,G) < v(z,Uz) <
V(F ) U) < opt", by Lemma [6.91 But this contradicts Lemma [6.30 [

Lemma 6.32 Letz,7 € F be two facilities. And let UEQ =UzU 7 and U_E_y = U\Ujg. Under
the assumptions of Section [6.21), the following holds:

(i) U_z_3 excludes at least two heavy points.
(it) If h and B’ are two heavy points excluded by U_z_g, then |Uzg| > w(h) + w(h').
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Proof: (i) By Claim 631 U_z_5 can only include at most k — 2 heavy points, and may partly-
include another heavy point. Since there are k + 1 heavy points in total, there must be at least
(k+1) — (k—2) — 1 =2 heavy points excluded by U_z_5.

(ii) Assume, for the sake of contradiction, that |Uzz| < w(h)+w(h'). Let M = U_z_zU{h, W'}",

and F' =F —Z—75+h+h'. We have
v(F.M) <v(F -7 -5.03) +v({L WL UR™Y) Sv(F0) +0=v(F,T).  (14)
Furthermore, since |Uzy| < w(h) + w(h'), we have
\M| = |U_z—3| +w(h) +w(l') = [U| — [Uzg| +w(h) +w(t) > |U]|.
If [M| < n — m then by Observation B2 (i) and Eq. (), we have

An(F',P¥,0) < v(F,M) +(n—m—|M])o
< I/(F,U)—F(?’L—m— ‘U‘)Q:Am(FaPW>Q)a

since M| > |U|. This contradicts the optimality of F.
If [M| > n —m then let M’ = Nn_m(F/7 M). Now, apply the above argument to F and M,
we similarly get a contradiction. [

Lemma (restatement) Under the assumptions of Section B.2.1] for any Z,7 € F and ¢ € P,
we have u(q,UfUUg) > 150pt™.

Proof: Assume, for the sake of contradiction, that u(q, Uz U Ug) < 150pt". Let Uz = UzUUy
and U_z 5 =U \U z,y- Lhere are several possibilities.

(i) Uzy includes two heavy points, h and h/. Let G = hW U R'™. Since G C Uzy, we have
v(q,G) < V(q, Uz U Ug) < 150pt"™ in this case. However, this is impossible, by Lemma [G.30]

(ii) Uzy includes one heavy point h, partly-includes another heavy point /', and excludes every
other. In this case, h and ' are excluded by U_z_g, and as such, |Uzy| > w(h) + w(R), by
Lemma [6.32] (ii). Now, setting G = Uz y, we have a contradiction, by Lemma [G.30

(ili) Uzy excludes every heavy point except for h. In this case, h is excluded by U,g,g. In
addition, By Lemma [6.32] (i), at least two heavy points are excluded by U_E_@, and as such,
there must be another heavy point, say b/, excluded by U,g,y. Now, by Lemma [6.32] (ii), we
have |Uzz| > w(h) +w(l'). Now, setting G = Uz, we have a contradiction, by Lemma G301

(iv) Uzy excludes every heavy point. In this case, by Lemma 532 (i), at least two heavy points,
say h and I/, are excluded by U_z_7, and as such, by Lemma (ii), we have }Uf@‘ >
w(h) +w(h'). Now, setting G = Uz, we have a contradiction, by Lemma [6.301

7 Conclusions

In this paper, we present the first efficient (i.e., polynomial time) constant-factor approximation
algorithm for the k-median with outliers problem. A natural direction for future research is to
extend the techniques used to other optimization problems with non-trivial global constraints, such
as the capacitated k-median problem.
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The new successive local search method, used in Section B.2] is fairly general and should be
applicable to other problems, since many combinatorial optimization problems can be reduced to
their corresponding penalty versions. To use this method, however, it is crucial to bound the
number of points that receive penalty. This is not easy and depends on the problem at hand.
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A A counter example for the standard local search algorithm

The local search method uses the concept of neighborhood. Specifically, it starts with an initial
feasible solution and then repeatedly searches the neighborhood of the current solution for a better
solution until it cannot be improved any further (that is, it reaches a locally optimal solution). In
our problem, given a solution .S, which is a set of k facilities, a neighbor X of S is a set of k facilities
such that |X NS| > k — b, for some constant b. Namely, X is obtained by swapping at most b
facilities of S with facilities outside S.

Let N(S) denote the set of all neighbors of S. The local search algorithm repeatedly replace S by
a better center set in N (S) as long as such center set exists. In what follows, we present an example
demonstrating that a locally optimal solution yielded by this standard local search algorithm may
have arbitrarily bad performance, compared to the globally optimal solution (namely, the locality
gap can be arbitrarily large).

Suppose that n > m >k > 1, and u = m/(k—1) is an integer. Consider an input V as follows:
the set V is partitioned into disjoint subsets B, C1,...,Ck_1, D1,...,Dg_o, and F, such that the
distance between any pair of points belonging to different subsets is very large. Suppose that

(i) |B| =n—2m and d(p,q) = 0, for any p,q € B.

(ii) For each i =1,...,k — 1, we have |C;| = w and d(p, q) = 3, for any p, q € C;.
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(iii) For each j =1,...,k —2, we have |D;| =u —1 and d(p,q) = 0, for any p,q € D;.
(iv) |E|=u+k — 2 and d(p,q) =, for any p,q € E.

We further assume that u > k and v < (u — 1)8 < 2.

ForY e {B,C1,...,Cx_1,D1,...,Di_9,E}, let f(Y) denote an arbitrary point in Y. Consider
a solution 8 = {f(B), f(D1),..., f(Dk—2), f(E)}, namely, we place a facility in each of the subsets
B,Dy,...,Dy_9,E. The m = (k — 1)u outliers in this solution are the points in Cy,...,Ci_1.

Claim A.1 The solution 8 is locally optimal, incurring a cost of (u+k —3)y, if b < k — 1.

Proof: In the solution 8, serving B by f(B) costs 0, serving D; by f(D;) costs 0, for j =
1,...,k —2, and serving E by f(F) costs (u+ k — 3)7y. Therefore, the cost of § is (u + k — 3).

To see that § is locally optimal, observe that we cannot swap f(B) out, because otherwise we
need to serve points in B by a facility not in B (recall that |B| = n — 2m and n > m), which is
very costly. For the same reason, we cannot swap f(FE) out. Suppose that we swap b’ < b facilities,
say f(D1),..., f(Dy), with f(Cy),..., f(Cy), and let 8’ denote the resulting solution. That is,
8 ={f(B),f(C1),..., f(Cy), f(Dyrs1)s--., [(Dr—2), f(E)}. It is easy to verify that the cost of 8’
isb'-(u—1)8+ (u+ k —3—b)y, which is greater than (u + k — 3)7 since (u — 1)8 > ~. This
implies that we cannot improve 8 by swapping < b facilities. [

It is easy to verify that the optimal solution is § = (B,C4,...,Cx_1), which has a cost of
(k—1)(u—1)B. Since u > k and (u— 1) is only slightly larger than ~, it follows that the locality

gap
(u+k—3)y ut+k—3
(k—D(u—-1)8" 2k-1)"
since (u — 1) < 27 (by assumption). This may be arbitrarily large, depending on the ratio u/k.
Now, note that MO(k,V,m) can be reduced to PMO(k,V, o,m), by setting o = oco. Since
MO(k, V, m) cannot be solved by the above local search algorithm, neither can PMO(k, V, o, m).

B Proof of Lemma

Proof: (i) We will prove that |A,,(C,PY)— A, (C,P)| < A, (C4+,P). Because, by Claim 3]
A, (C4, P) < 3opt, this implies the claim. In the following, we focus on the case when A,,(C,PY) <
A, (C,P), since the other case is similar.

Let @ and Q' be the (multi)sets of n — m nearest points to C' in P" and P, respectively. By
the definition of ¢ and w (see Section 2.2), there exists a set Q" C P of n — m points such that

{6(p) | p € Q"} = Q. Therefore,
v(C,Q") = v(C,Q) = D (dlp,C) —d(é(p),C)) <> Id(p,C) — d(é(p), C)|
peq” =

< Y 1d(p, ¢(p))| = An(Cy, P).

peP
In addition, we have v(C, Q") — v(C,Q") < 0, since Q' is the set of n — m nearest points to C' in
P. It thus follows that
[An(C,PY) = An(C,P)| = An(C,P) = Ap(C,PY) = v(C,Q") — v(C,Q)
(V(Ca Q/) - 1/(07 Q”)) +(V(C7 Q”) - V(CvQ))
< 0+ AL(CHP).
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(ii) Suppose that C, is an optimal solution for MO(k, P,m), namely |C,| = k and A, (C,, P) =
opt. Then, by (i), we have

opt” < A, (Cy, P") < 3opt + A, (Co, P) = 4dopt.
It follows that A,,(C,P"Y) < vyopt™ < 4yopt, which implies by (i) the claim. [

C Proof of Lemma

Recall that the set J consists of the (distinct) k — &’ heaviest points excluded by Y, and Z = Yu JW
is the set of points clustered by the solution C output by GREEDYMERGE.

Claim C.1 If X does not contain any light point (namely, l,(X) =0), then |Z| > n —m.

Proof: Since 1w(X) = 0 and Y C X, it follows that I (Y) = 0. As such, by Eq. @), we
have mass(Y) = hw(Y) + & - lw(Y) = hw(Y). On the other hand, by Eq. (@])yrz, we have mass(Y) >
v+ + K/, implying hw(Y) > v+ + k’. Now, by the way GREEDYMERGE works, the set Z contains
hw(¥Y) + hw(JY) > (v + k') + (E = k') = v+ + k = k4 heavy points, since Z = Y U J™ and

hw(JY) =k — k', by Claim [5.4l That is, Z contains all the heavy points of C,, which implies that
|Z] > w(Cy) =n—m. |

As such, in the following, we assume that [,,(X) > 0. Recall that h,(P“ \ Z) is the number of
distinct heavy points in P¥ \ Z. (Note that P¥ \ Z is the set of outliers for the clustering of Z
computed by GREEDYMERGE.)

Lemma C.2 If X contains a light point, then l(Y) > hw(PY \ Z) /£ (see Eq. {d);m).
Proof: Since Z =Y U JY and hy(JY) =k — k', by Claim 54 we have

hw(@) = hw(Z) = hw(J") = hw(P™) = hw(P¥\ Z) = (k — k')
by —hw(PY\2) =k + K =74 +F — hu(P¥\ Z), (15)

since hy(PY) = ky and ky — k = 4. It follows that
(7—}— + K — hW(PW \ Z)) + f ’ lw(g) = hw(%) + f ’ lw(%) = mass(y) >+ + k/’
by Eq. [B)gm and Eq. (@)yrz. This implies that [ (Y) > hw(PY \ Z) /€. |

Claim C.3 If X contains a light point, then hy(PY\ Z) < hy (P \ X) — 1.
Proof: We have

mass(X) — mass(Y) = (hW(T)C) +¢- lw(x)) — (hw(y) +&- lw(9)>
w(¥) + & (w(X) = hu(Y))

>
since ly(X) > Iw(Y) (implied by X 2 Y) and £ > 0, by Observation [B.1] (iii). As such,

hw(X) < mass(X) —mass(Y) + hw(Y)
(ks —1) = (s +K) + (K — b (P 2)
ky —hw(PY\ Z) -1,

IN
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since mass(X) = ky — 1 (by Claim [5.2)), mass(Y) > v4 + &' (by Eq. @)gmz), and Eq. ([IT). It follows
that
hw(PY\ Z) <kt — hw(X) =1 = hy(P") — hy(X) — 1 = hy(P" \ X) — 1.

since hy (PY) = k4. |
Given a set Q C P" of heavy points, the average weight of Q is |Q| /hw(Q).

Observation C.4 Let Q and Q' be two sets of heavy points of PV, where Q C Q. Let S be a
subset of @', consisting of the hy(S) lightest points in Q'. If hy(S) < hw(Q) then
Sl . el
hw(S) ~ hw(Q)

Given a set @ C PY, let H,(Q) be the multiset of all the heavy points in @, and L,,(Q) be the
set of all the light points in Q.

Lemma C.5 If X contains a light point, then |H,,(P¥ \ Z)| < hw(P™\ Z) /€.

Proof: By the construction of X, there exists a point p € P¥ \ X such that |X|+w(p) > n —m.
Let ¢ be the heaviest point in PY \ X. Clearly, w(q) > w(p), and as such,
[ Hy(X)| + [Luw(X)| +w(g) = [X] +w(g) = |X]+w(p) >n—m.
On the other hand, we have |Hy,(X)| 4 |Hyw(PY \ X)| = |Hyw(PY)| = w(C;) = n—m. It thus follows
that | Ly, (X)| +w(q) > n—m — |Hy,(X)| = |Hy(PY \ X)|, or equivalently,
[Hy(P™\ X)[ = w(g) <[Lew(X)].

Let @ be the set of all the heavy points in P¥ \ X except for ¢. As such, we have |Q| =
|Hy(PY\X)| —w(q) < |[Ly(X)| = lw(X) and hw(Q) = hw(PY \ X) — 1. Therefore, the average
weight of @ is

Q) lw(X) lw(X) L (X) 1

(@) " TP\ X) =1 hy(PY) — hoa(X) =1 kg —h(X) =1 &
see Eq. (I)ym. Note that Q € H,(P¥\X) C H,(P" \Y), since Y C X. By the way GREEDYMERGE
works, H,,(PY \ Z) is a subset of H,(P%¥\Y), consisting of the hy(PY\ Z) lightest points in
H,(P“\'Y). Furthermore, we have

hW(PW \ Z) < hW(PW \ :X:) —-1= hw(Q)»
by Claim Therefore, by Observation [C.4] we have
H(PAZ) ol _1
hw(PY\ Z) = h(Q) € "
Lemma (restatement) |Z| > n —m.

Proof: Claim handles the case [, (X) = 0. So, consider the case when [,,(X) > 0. The total
weight of Z is the number of light points in Y (note that there is no light points in J") plus the
total weight of the heavy points in Z, namely,

1Z] = w(Z) + |Hw(Z)| = 1w(Y) + [Hu(Z)] = lw(Y) + [Hu(PY)| — |[Hu(PY\ Z)|
> hW(Pg \Z) +W<C+)_hW(P€ \2) =n—-m,
by Lemma [C.2] and Lemma [C.5] m
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D Perturbation of the distance function d
We first compute a real number « as an estimate of opt.

Lemma D.1 One can compute in polynomial time a real number o such that opt/(3n) < a < opt.

Proof: The problem of k-center with m outliers (CO for short) is to compute a set of m outliers
o0 as to minimize the cost of the k-center clustering of the remaining points. Let opt., (P, k,m) be
the cost of the optimal solution for the CO instance with input point set P. It is easy to verify that
opt/n < opt (P, k,m) < opt. We use the algorithm for CO presented in [CKMNOI] to compute /3

such that 5/3 < opt, (P, k,m) < 3. The claim now follows by setting oo = (3/3. [

Given parameters 0 < € < 1 and 1 < ~, we shall perturb the distance function d, and denote the
resulting new distance function by d’. We claim that if one can compute a set C of k facilities such
that A,,(C,P) < vopt under the distance function d’, then it holds A,,(C,P) < (1 + ¢)yopt under
the original distance function d. We omit the easy proof here, and only specify the perturbation
scheme in the following.

Let A = ea/(2n), and let 7(p, ¢) be a small random real number such that 0 < 7(p,q) < A/2,
for all p,q € P (note that 7(p,q) is independent for every p,q € P). For each pair p,q € P, if
d(p, q) > 6yna then let d'(p, q) = 6yna + A+ 7(p, ), otherwise, let d'(p,q) = d(p,q) + A+ 7(p, q).
It is easy to verify that, under the distance function d’, the inter-point distances are distinct (with
high probability), the ratio between the maximum inter-point distance and the minimum inter-point
distance is O(yn?/¢), and d'(z,y) + d'(y, z) > d'(x, z) holds for every x,y, z € P.
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